We employ numerical simulations to understand the evolution of elastic standing waves in disordered frictional disk systems, where the dispersion relations of rotational sound modes are analyzed in detail. As in the case of frictional particles on a lattice, the rotational modes exhibit an "optical-like" dispersion relation in the high frequency regime, representing a shoulder of the vibrational density of states and fast oscillations of the autocorrelations of rotational velocities. A lattice-based model describes the dispersion relations of the rotational modes for small wave numbers. The rotational modes are perfectly explained by the model if tangential elastic forces between the disks in contact are large enough. If the tangential forces are comparable with or smaller than normal forces, the model fails for short wave lengths. However, the dispersion relation of the rotational modes then follows the model prediction for transverse modes, implying that the fast oscillations of disks' rotations switch to acoustic sound behavior. We evidence such a transition of the rotational modes by analyzing the eigen vectors of disordered frictional disks and identify upper and lower limits of the frequency-bands. We find that those are not reversed over the whole range of tangential stiffness as a remarkable difference from the rotational sound in frictional particles on a lattice. granular material | elastic wave | dispersion relation | disordered configuration | tangential force G ranular material exists at all spatial scales in nature, whether it is soil or space dust. An important feature of such media is its momentum and energy transport characteristics, either for oil/gas exploration, geotechnical investigations of soil, or understanding of seismic waves and earthquakes (1). Sound waves in granular material are also useful to determine its mechanical properties but, to better interpret measurements, a model which incorporates the microstructure is required (2). In addition, tangential forces (and friction) between grains in contacts are intrinsic to granular material, which induce micropolar rotations of the constituents. Incorporating the rotational degrees of freedom for the internal microstructure of granular material has been the basis for Cosserat continuum theory (3). So far, one of the most striking aspects of Cosserat behavior (micropolar rotations of constituent grains) is the existence of rotational sound (4). This has been extensively studied by experiments (5) and numerical simulations (6-8) of frictional granular crystals, where the characteristic dispersion relations, beyond Cosserat, are well predicted by the theory of frictional particles on a lattice (9, 10).
G
ranular material exists at all spatial scales in nature, whether it is soil or space dust. An important feature of such media is its momentum and energy transport characteristics, either for oil/gas exploration, geotechnical investigations of soil, or understanding of seismic waves and earthquakes (1) . Sound waves in granular material are also useful to determine its mechanical properties but, to better interpret measurements, a model which incorporates the microstructure is required (2) . In addition, tangential forces (and friction) between grains in contacts are intrinsic to granular material, which induce micropolar rotations of the constituents. Incorporating the rotational degrees of freedom for the internal microstructure of granular material has been the basis for Cosserat continuum theory (3) . So far, one of the most striking aspects of Cosserat behavior (micropolar rotations of constituent grains) is the existence of rotational sound (4) . This has been extensively studied by experiments (5) and numerical simulations (6) (7) (8) of frictional granular crystals, where the characteristic dispersion relations, beyond Cosserat, are well predicted by the theory of frictional particles on a lattice (9, 10) .
Despite these successes of continuum theory, spatial configurations of the constituent grains in nature are mostly disordered (11, 12) , where small deviations from the lattice (13) display the characteristic low pass behavior. Recently, various anomalies in acoustic sound in disordered media have been clarified by experiments on amorphous solids (14, 15) and numerical simulations of randomly arranged particles (16) (17) (18) (19) , where small dips in phase speeds and deviations from the theory of Rayleigh scattering are commonly observed. Anomalies in the vibrational density of states (vDOS), e.g. the boson peak near the glass transition temperature (20) (21) (22) (23) (24) (25) (26) and a characteristic plateau near the jamming transition (27) (28) (29) (30) , are not predicted by the classical theory of elasticity. Moreover, shock waves (31) (32) (33) (34) and solitary wave propagation (35, 36) are interesting properties of real disordered systems though they are due to nonlinearity of the interaction forces and anharmonic vibrations. Neglecting the latter phenomena and reducing on a rather simple two-dimensional model systems, it is feasible to focus on the question: How does configurational disorder alter the dispersion relations of rotational sound?
In this paper, we investigate sound in disordered frictional disks by numerical simulations. Introducing the dynamical matrix, we analyze effects of tangential forces on the vDOS and demonstrate the evolution of purely elastic standing waves of longitudinal (L), transverse (TR), and rotational (RT) modes. We calculate autocorrelation functions and spectra of L, TR, and RT velocities to find their dispersion relations. Then, we quantify the dependence of the dispersion relations on the strength of the tangential forces, where we introduce a modified lattice-based model to describe the "optical-like" branch of the rotational sound modes. We show that the RT mode switches from optical-like to acoustic branches at characteristic wave lengths, which monotonously increase with decreasing the strength of tangential forces. We examine closer these transitions by analyzing the eigen vectors of the disk
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Elastic mechanical waves in granular media have a wide range of application for technology and pose many fundamental challenges for research. The microstructure of granular material is strongly disordered and friction acts between particles. The former affects the modes of momentum and energy transport, while the later induces micropolar rotations of particles. The rotations propagate through granular media as rotational modes and much less attention has been paid to the rotational sound in disordered systems. Here, we show that the rotational modes exhibit a transition from optical-like fast oscillations to the acoustic behavior for short wave lengths. Our findings suggest that frequency-bands of the rotational modes can be drastically altered by introducing configurational disorder in the microstructure of granular materials.
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system and also discuss the frequency-bands of the RT mode.
Results
To study sound in disordered frictional disks, we introduce their dynamical matrix. If the system consisting of N disks is initially in mechanical equilibrium, small vibrations of the disks around initial positions, {ri(0)} (i = 1, . . . , N ), are described by the equations of motion,
where t denotes time and the 3N -dimensional displacement vector, u(t) ≡ (u1(t), θ1(t), . . . , uN (t), θN (t)) T , includes translational displacements in xy-plane, ui(t) ≡ ri(t) − ri(0), and angular displacements, θi(t). On the left-hand-side of Eq. [1] , the 3N × 3N mass matrix, M, is diagonal (Eq. [8] ). On the other hand, D is the 3N ×3N dynamical matrix which consists of second derivatives of elastic energy (see Supplementary Information (SI)). In this study, we model the elastic energy by harmonic potentials in normal and tangential directions (Eq. [9] ), where the normal (tangential) stiffness is kn (kt). For the sake of simplicity, we assume that every disk has the same mass, m, and prepare initial disordered configurations, {ri(0)}, by molecular dynamics (MD) simulations (see Materials and Methods).
Vibrational density of states. Assuming vibrational motions of the disks around initial positions, we substitute u(t) =ūe Iωt into Eq. [1] , whereū, I, and ω are the amplitude, imaginary unit, and angular frequency, respectively. Then, we numerically solve an eigenvalue problem, M −1 Dūq = ω 2 qūq , to find the eigen frequencies, ωq, and eigen vectors,ūq (q = 1, . . . , 3N ). Figure 1 displays distributions of the eigen frequencies, i.e. vDOS of disordered frictional disks (solid lines), where we averaged every vDOS over 100 different initial positions of N = 2048 disks. Here, we change the stiffness ratio, ρ ≡ kt/kn (as listed in the legend), and also plot the result of frictionless disks, i.e. ρ = 0 (dotted line). The highest peak around ωt0 2.3 for frictionless disks (with the time unit, t0 ≡ m/kn) shifts to higher frequencies with increasing the stiffness ratio. In addition, a shoulder, which does not exist in the vDOS of frictionless disks, develops for higher frequencies (2.3 ωt0 6.6) so that the cutoff frequency, ωc, at the right end of vDOS, i.e. g(ω > ωc) = 0 (indicated by the arrow in Fig.  1 ), greatly increases from 2.3t
0 . Therefore, the high frequency-band (the shaded region in Fig. 1 ) is characteristic of disordered frictional disks. Note that there is a secondary peak if the stiffness ratio is small (as indicated by the vertical arrow in Fig. 1 ) and the overpopulation of low frequency states for ρ = 0 vanishes and becomes linear within the fluctuations for ρ > 0. Because the vDOS in the high frequency regime is insensitive to the area fraction of the disks, φ (see Fig. S1 ), we use φ = 0.9 in the following analyses.
Dispersion relations.
To investigate how elastic waves evolve in disordered frictional disk systems, we employ a similar method as Gelin et al. (16) : We numerically integrate the equations of motion, Eq. [1] , under periodic boundary conditions. The number of disks is now increased to N = 32768 and initial velocities of the disks are given by sinusoidal standing waves, Combining different amplitudes and wave vectors, we activate three different elastic waves, i.e. L, TR, and RT modes, as listed in Table 1 * . The RT mode represents the evolution of disks' rotations (6) and does not exist in frictionless disks. In addition, Eq. [1] describes purely harmonic oscillations of the disks around initial positions such that any anharmonic behavior, e.g. due to opening and closing contacts (37) , is not taken into account.
From numerical solutions of Eq.
[1], we calculate normalized velocity autocorrelation functions (VAFs) of longitudinal, transverse, and rotational velocities as C l (k, t), Ct(k, t), and Cr(k, t), respectively, where k ≡ |k| is the wave number. Figure 2 shows the time development of the VAFs (open circles), where we also plot our results of frictionless disks (green dotted lines in (a) and (b)). As expected, in both frictional and frictionless disk systems, the oscillations of the L mode are faster than those of the TR mode (Figs. 2(a) and (b) ). In addition, the oscillations of the L and TR modes become faster in frictional disk systems, implying that the tangential forces increase the macroscopic elastic constants. We also note that the decay of the VAFs, which is caused by scattering attenuation of the L and TR modes, becomes weaker in frictional disks. On the other hand, the oscillation of the RT mode is much faster than those of the L and TR modes ( Note the different horizontal scale in (c).
2(c)), indicating that eigen modes in the high frequency-band ( Fig. 1) are closely related to micropolar rotations of frictional disks. Moreover, the VAF of the RT mode decays much faster, implying a stronger scattering attenuation.
To further study the evolution of elastic waves, we calculate power spectra of longitudinal, transverse, and rotational velocities as S l (k, ω), St(k, ω), and Sr(k, ω), respectively, for various wave number, k, in Eq. [2] . Figure 3 displays logarithms of the power spectra, i.e. log Sα(k, ω) (α = l, t, r), which show dispersion relations of the elastic waves. In the dispersion relations of both the L and TR modes (Figs. 3(a) and (b)), we observe strong ordinary acoustic branches, where the speed defined as the slope, lim k→0 ω/k, of the L mode is larger than that of the TR mode. On the other hand, the RT mode exhibits an optical-like branch (Fig. 3(c) ) which exists only in a high frequency regime (2.5 ≤ ωt0 ≤ 4.7) as indicated by the double-headed vertical arrow in Fig. 3(c) . Because the vDOS is given by an integral of the dispersion relation over the whole wave number range (2), the high frequency-band in the vDOS (Fig. 1) is the result of the optical-like branch. In addition, the weak optical-like branch in Fig. 3(b) and the weak acoustic branch in Fig. 3(c) mean that rotations are always coupled with transverse (shear) motions (6) .
Lattice-based model. The optical-like branch of the RT mode, which is spanning the high frequency-band, is a striking feature of frictional disk systems. To quantitatively analyze its properties, we extract dispersion relations from numerical solutions of Eq. [1] . For this purpose, we fit damped oscillations to the VAFs as
(α = l, t, r), where the dispersion relation of each mode is given by the dominant frequency, ωα(k), and the scattering attenuation of each mode is quantified by the attenuation coefficient, γα(k) † (16). The solid lines in Fig. 2 represent the damped oscillations, Eq. [3] , where we confirm perfect agreements with the VAFs by adjusting the parameters, ωα(k) and γα(k). In SI, we summarize our results of the L and TR modes: Small dips are observed in the phase speeds, cα(k) ≡ ωα(k)/k (Fig. S2) , while the attenuation coefficients obey the Rayleigh prediction of scattering attenuation, i.e. γα(k) ∼ k 3 (α = l, t), which is not the case for frictionless disks (Fig. S3) . Figure 4 displays dispersion relations of the optical-like RT modes, ωr(k) (symbols), where the frequency-band shifts to higher frequencies with increasing the stiffness ratio, ρ (as indicated by the arrow). To explain such a dependence of optical-like branches on the stiffness ratio, we modify the discrete model of frictional grains on a lattice (6) , where the dispersion relations of the TR and RT modes are given by
respectively. In Eqs. [4] and [5] , the prefactor, aα (α = t, r), is introduced to represent the decrease of sound speed by dispersion (due to disorder) and the functions are given by
In Eqs. [6] and [7] , we estimate the length scale, l, by considering the first Brillouin zone, |kl| ≤ π/2: Equating the maximum wave number, kmax ≡ π/2l, in the model with π/d0, we obtain l ≈ d0/2, where d0 is the mean disk diameter. The lines in Fig. 4 are the model predictions of ωr(k) (Eq. [5] ), where we used ar 0.73t
and l 0.446d0 for all ρ. In this figure, all the dispersion relations are consistent with the lattice model for long wave lengths, kd0 π/2, as the difference in microstructures, i.e. order and disorder, should not affect the long wave properties (see Figs. S5 and S6 for the L and TR modes). In addition, if the stiffness ratio is fairly large, ρ > 1, the dispersion relations are perfectly described by the model for all k. However, if the stiffness ratio is small, ρ < 1, we observe deviations from the model for short wave lengths, k > kc, where the characteristic wave number, kc, monotonously decreases with decreasing stiffness ratio.
Transition behavior of the RT mode. To clarify the deviations in the short wave lengths, k > kc, we closely look at the dispersion relations with small stiffness ratios, ρ < 1. Figure 5 shows (a) the logarithm of the power spectrum, Sr(k, ω), and (b) dispersion relations, ωt(k) and ωr(k), obtained from the fitting to VAFs, Eq. [3] , where the stiffness ratio is given by ρ = 0.2. In Fig. 5(a) , the optical-like branch ends at k = kc (as indicated by the arrow) and drops to another branch in k > kc, which makes a small gap in the frequency between † The Fourier transform of Eq. [3] is the Lorentzian,
, which also well describes the power spectra ( 1.2 < ωt0 < 1.5. Accordingly, in Fig. 5(b) , the dispersion relation of the RT mode (open squares) suddenly drops to lower values at k = kc (from the branch (iv) to (ii)), while that of the TR mode (pluses) jumps from the branch (i) to (iii). Thus, the RT (TR) mode dominates lower (higher) frequencies in the short wave lengths. The dispersion relation of the RT mode in k < kc agrees with the model of ωr(k), Eq. [5] (the solid line in Fig. 5(b) ), while it is well explained by the model of ωt(k), Eq. [4] (the dotted line in Fig. 5(b) ), if k > kc. Therefore, it seems that disks' rotations exhibit a transition from the optical-like fast oscillations to the acoustic wave behavior.
To further examine the transition behavior, we study the eigen vectors of the dynamical matrix,ūq = {ūix,ūiy,θi} (i.e. displacements associated with each eigen frequency). Here, we quantify kinetic energy for each degree of freedom by
, wherė uq ≡ūq/t0. The translational energy, K ≡ (Kx + Ky)/2, and rotational one, Q, represent the intensity of the L and TR modes and that of the RT mode, respectively. As shown in Fig. 6(a) , if the stiffness ratio is large enough, K and Q dominate low (ωt0 1) and high (ωt0 3) eigen frequencies, respectively. In this case, the acoustic L and TR branches at low frequencies are well separated from the optical-like RT branch at high frequencies (as in Fig. 3) , where the shoulder of the vDOS (the dashed line in Fig. 6(a) ) for high frequencies, 3 < ωt0 < 4.6, is mostly owned by disks' rotations, Q. However, if the stiffness ratio is small (Fig. 6(b) ), there are four regions, i.e. (i) K > Q, (ii) K < Q, (iii) K > Q, and (iv) K < Q, corresponding to the branches (i)-(iv) in Fig. 5(b) . Therefore, the transition from the optical-like to acoustic behavior of disks' rotations is also evidenced by the eigen vectors (see also Fig. S6 and S8 ). Because the vDOS is given by integrating dispersion relations over the whole wave number range, the secondary peak (indicated by the vertical arrow in Fig. 6(b) ) represents the upper end of (ii), i.e. the RT mode on the acoustic branch. vDOS, ωc (crosses), shows qualitatively the same behavior as ωr(0), where ωc is slightly higher because of the non-sharp upper limit of the dispersion relation. If the stiffness ratio is large, ρ > 1, numerical results of the limit, ωr(kmax) (open squares), are explained by the model (dotted line). However, if the stiffness ratio is small, ρ < 1, the limit switches to the acoustic branch (dashed line), resulting from the transition of the RT mode (Fig. 5) . Therefore, different from granular crystals (6), the upper and lower limits of the RT mode, ωr(0) and ωr(kmax), in disordered frictional disks are not reversed. We also note that the limit frequency of the TR mode, ωt(kmax) (open triangles), slightly accedes to the model predictions.
Discussion
In this study, we have numerically investigated sound in frictional disk systems with the focus on (i) the configurational disorder and (ii) the strength of tangential forces. Employing the dynamical matrix of disordered frictional disks, we first analyze their eigen frequencies. We find that a high frequency-band or shoulder in the vDOS, which is characteristic of frictional disk systems, develops for higher frequencies with increasing the stiffness ratio (or tangential forces). Numerically solving the equations of motion, we then study how longitudinal, transverse, and rotational elastic standing waves evolve in the system. Even strong tangential coupling, we observe that the rotational mode exhibits much faster oscillations than those of the acoustic longitudinal and transverse modes. The fast oscillations of micropolar rotations are represented by an optical-like branch in the dispersion relation of the rotational mode. We explain the characteristic optical-like dispersion relations by introducing a lattice-based model. The lattice-based model perfectly describes our numerical results in the case that tangential forces are strong enough and in any cases for small wave numbers. It is remarkable, however, that the rotational mode exhibits a transition to the acoustic branch in the short wave length regime if the tangential forces are comparable with or smaller than the normal forces. The transition from the optical-like to acoustic branches is also evidenced by our analysis of eigen-vectors. We find that the rotational mode in the acoustic branch is also well described by the lattice-based model.
We conclude that rotational sound exhibits a characteristic optical-like branch in the dispersion relation even in disordered systems. If the tangential forces are comparable with or smaller than the normal forces, it changes to the acoustic branch at a characteristic wave length so that configurational disorder enables the acoustic behavior of micropolar rotations at small enough scales.
In our numerical simulations, we model both the normal and tangential forces by elastic springs. Thus, the standing waves presented are purely elastic so that total energy is conserved throughout simulations, where the decay of VAFs is solely caused by scattering attenuation (and not by energy dissipation). However, in reality, dissipative forces, e.g. the Coulomb or sliding friction and viscous forces, also exist between the disks in contact. To take into account such dissipation of energy, we need some generalizations of our model as in (38, 39) . Therefore, effects of these dissipative forces on our results are left to future work. Similarly, it is interesting to study how other interaction forces, e.g. the rolling resistance (6) and the attractive interaction due to capillary bridges in wet granular material (40) (41) (42) , affect the results. Moreover, the influence of microstructure (2), e.g. size-distributions and polydispersity, on the rotational sound requires more research. For practical purposes, numerical studies in three dimensions are crucial, where an additional degree of freedom, i.e. the twisting motion of frictional spheres in contact, enables a pure rotational (R) mode (6, 9) . Therefore, further studies are needed to clarify how configurational disorder affects the L, TR, RT, and R modes in three-dimensional granular media. In addition, not only dispersion and scattering attenuation, but also wave diffusion (43) and localization phenomena (44, 45) are important aspects of sound in granular material.
Materials and Methods
Mass matrix and elastic energy. In the equations of motion, Eq. [1] , the 3N × 3N mass matrix is given by
where m i and I i = m i d 2 i /8 with the disk diameter, d i , are the mass and moment of inertia of the disk i, respectively.
We introduce elastic energy of disordered frictional disks as the sum of pairwise potentials, i.e. E = i>j e ij . The pairwise
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potential is decomposed into harmonic potentials stored in normal and tangential directions as
where kn and kt are the normal and tangential stiffness, respectively. In Eq. [9] , ξ ij ≡ (d i + d j )/2 − r ij > 0 represents the overlap between the disks (i and j) in contact, where r ij ≡ |r ij | with the relative position between the disks, r ij ≡ r i − r j , is the interparticle distance. In addition, u ⊥ ij ≡ u ij − u ij − θ ij × n ij is the relative displacement in tangential direction, where we introduced relative displacements as u ij ≡ u i − u j , u ij ≡ (u ij · n ij )n ij , and θ ij ≡ (d i θ i + d j θ j )nz/2 with the normal unit vector, n ij ≡ r ij /r ij , and out of xy-plane unit vector, nz (parallel to the z-axis). 
is the mean disk diameter. After the energy minimization, no potential energy is stored in tangential direction so that the system is still in mechanical equilibrium even if we switch on the tangential forces, i.e. E = En even though kt > 0. Therefore, our systems are initially unstressed in tangential direction (47) . Note that stressed systems can be made if we prepare initial disordered configurations with tangential forces (kt > 0) which make the configurations history-dependent.
The VAFs and power spectra. From numerical solutions of Eq. [1] , i.e. {u i (t),θ i (t)} (i = 1, . . . , N ), we calculate Fourier transforms of disks' velocities as {u k (t),θ k (t)} = N i=1 {u i (t),θ i (t)}e −Ik·r i (t) , [10] where the position, r i (t), is also given by numerical integrations of Eq. [1] . The longitudinal and transverse velocities are defined aṡ u k (t) ≡ {u k (t) ·k}k , [11] u ⊥ k (t) ≡u k (t) −u k (t) , [12] respectively, wherek ≡ k/k with k ≡ |k| is a unit vector parallel to the wave vector. Then, the normalized VAFs of longitudinal, transverse, and rotational velocities are given by C l (k, t) = u k (t) · 
